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Sequential harmonic spin—orbit angular
momentum generation in nonlinear optical
crystals

Yutao Tang!t, Zixian Hu'f, Junhong Deng!, Kingfai Li' and Guixin Lil**

Light beams carrying multiple orbital angular momentum (OAM) states, which can be realized by the structured media
with phase singularities, have attracted great attentions in the fields of high dimensional optical information processing.
Alternatively, a simple uniaxial crystal can be used to simultaneously generate four OAM states of light through the sec-
ond harmonic generation and cascaded optical spin—orbit interaction (SOI) processes. However, two of the OAM states
realized in the crystal are very weak and limit the practical applications. Here, we aim to circumvent this constraint by us-
ing the sequential optical SOI processes in two crystals with threefold rotational symmetry. Four angular momentum
states of the fundamental waves are prepared after the first crystal and then are utilized to generate the corresponding
second harmonic waves (SHWSs) with opposite spin and doubled OAM in the second crystal. Further through a sequen-
tial SOI process, totally eight angular momentum states of the SHWSs with nearly equal energy are experimentally ob-
served. The proposed methodology may find potential applications in optical communications, parallel optical computing,
optical manipulation and so on.
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Introduction

Orbital angular momentum (OAM) of photons, mani-
fested by the phase singularities! and unlimited number
of mutually orthogonal states, has been proved to hold
great potentials in optical imaging>?, optical manipula-
tions*®, optical communications”$, information multi-
plexing’, and quantum information processing'*-'2, etc.
Methods on generating OAM-carrying vortex beams and
relevant applications have been developed from tradi-
tional spiral phase plates’>* and liquid crystal based
diffractive elements’®  to

optical spatial  light

modulators'®", optical metasurfaces'*-?!, photonic crys-
tals??, and on-chip vortex lasers****. Recent studies show
that optical spin-orbit interaction (SOI)*** represents a
novel way for OAM generations by utilizing the mutual
conversions between the spin angular momentum
(SAM) and OAM of photons, via structured media'>* or
anisotropic optical crystals?°.

In the meantime, nonlinear optical processes in mate-
rials will definitely introduce new degrees of freedom for
manipulating the light fields and have been attracting

scientists’ attention. Moreover, OAM-related structured
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light*® in nonlinear optical regime has also been widely
explored®, such as generation of spatiotemporal OAM
light in SHG process™ and toroidal light pulses®. Early
works studying the conservation law of OAM in the sec-
ond harmonic generation (SHG) process™ are reported
soon after the proposal of OAM of light. In recent years,
nonlinear photonic metasurfaces’®” and photonic crys-
tals’®* provide new platforms for generating the OAM
states of photons at the second and third harmonic fre-
quencies. By virtue of the unlimited OAM modes of pho-
tons, a myriad of classical or quantum applications have
entered into the high-dimensional realm-*2. In addition,
the spatiotemporal properties of the optical vortices are
experimentally demonstrated in both linear and nonlin-
ear optical regimes®*3243,

One interesting topic in the OAM community is to si-
multaneously generate the high dimensional OAM states
of light. In linear optics, many kinds of artificial media,
such as diffractive optical elements!® and optical meta-
surfaces'>*, have been successfully utilized to realize this
target. It should be noticed that a uniaxial optical crystal
can be also used to produce two kinds of OAM states of
light through the SOI process. The SOI conversion effi-
ciency is up to 50% and no alignment to the singularity
point is needed® as that in the conventional diffractive
optical element. Previously, we show how to generate
four angular momentum states in the SHG process, in
which the f-BBO crystal is pumped by the circularly po-

larized fundamental wave (FW)*. In such a strategy, two
angular momentum states of the FWs coming from the
linear SOI process are used to generate the correspond-
ing angular momentum states of the SHWs. Then, the
SHW s experience a cascaded SOI process, leading to four
angular momentum states in total. Since the complex
light-matter interactions occur in a single crystal, the
conversion efficiencies of two angular momentum
modes of the SHWs are much stronger than the other
two, making it difficult to use all the angular momentum
states.

To circumvent this constraint, here we propose the
concept of sequential optical spin-orbit interactions to
achieve eight angular momentum states of the SHWs
with nearly equal conversion efficiency. As shown in Fig.
1, the experimental configuration consists of two sequen-
tial 5-BBO crystals with threefold (Cs) rotational symme-
try. In the first crystal, the linear SOI process leads to two
angular momentum states of the FWs with almost the
same energy. By flipping the SAM states of the FWs with
polarization optics before the second crystal, we are able
to obtain two new angular momentum states of the FWss.
After being refocused into and passing through the sec-
ond BBO crystal, the four FW states generate four angu-
lar momentum states of the SHWs (see Supplementary
information Section 1). Further through a sequential lin-
ear SOI process, the SHWs carry eight angular momen-
tum states with almost the same energy.

SHWs

L
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-
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SOI-SHW

Fig. 1 | Generation of second harmonic waves (SHWs) with multiple angular momentum states through sequential optical spin—orbit in-

teractions (SOls) in two BBO crystals with threefold rotational symmetry. For a circularly polarized fundamental wave (FW) with angular

momentum state of (o, /)rw, two states of the FWs will be generated in BBO1 through optical SOI process. Then the spin angular momentum

state of the two states can be flipped by using an assembly of polarization optics (POs) after BBO1. Therefore, totally four kinds of angular mo-

mentum states of the FWs are prepared after the first crystal. The SHWs generated in BBO1 are blocked by using the long-pass filter (LPF).

Then, by refocusing the FWs into the second BBO crystal, the SHWs with four corresponding angular momentum states are generated in the Di-

rect channels. Through a sequential SOI process of the SHWs in the second BBO crystal, four new angular momentum states are obtained. It is

expected that these eight kinds of angular momentum states of SHWSs have nearly equal energies.

240138-2


https://doi.org/10.29026/oea.2024.240138

Tang YT et al. Opto-Electron Adv 7, 240138 (2024)

https://doi.org/10.29026/0ea.2024.240138

Results and discussion

Spin—orbit interaction of the SHWs in one BBO
crystal

Firstly, the generation and spin-orbit interaction pro-
cess of the SHWs in one BBO crystal is revisited*. From
the symmetry selection rules in nonlinear optics®-*,
when a circularly polarized FW propagates along the ro-
tational axis of a crystal possessing m-fold rotational
symmetry, the allowed orders of harmonic generation
are n = pm=l, p is an integer, and the ‘+’ or ‘-’ sign
means that the circular polarization state of the harmon-
ic wave is same as or opposite to that of the FW. In this
work, the FW is propagating along the Cs rotational axis
of the BBO crystal (m = 3), therefore the SHW (n = 2)
with opposite circular polarization to that of the FW can
be generated. In this process, two FW photons with SAM
of oh are annihilated to create a second harmonic pho-
ton with SAM of —oh, where ¢ = #1 represents the left
or right circular polarization states (LCP/RCP) of the
FW, and # is the reduced Plank’s constant. The SAM dif-
ference of —30h before and after the SHG process is off-
set by the BBO crystal. In the meantime, if the FW carry
an OAM of ¢h per photon, the SHW photon should car-
ry an OAM of 2(h as a result of the conservation law of
OAM?*. To sum up, if we denote the SAM and OAM
states of photons by (o, ¢), the SHG process in the BBO
crystal can be represented as (0,€)py + (0,€)pw —

(—0,20)sn6-

When the FW is focused into the BBO crystal with C;
rotational symmetry, both the FW and the SHW experi-
ence the SOI processes, where the SAM of light is flipped
and its difference is imparted into the OAM of light.
Such a process can be briefly represented as
(0,0) = (—0,€ + 20), from which one can easily see the
conservation of the total angular momentum of light.
Due to the SOI effect, the angular momentum state
(0, )pw of the input FW will be converted to two states,
(0,0)pw and (—0,f + 20)pw, which then generate the
SHWs with angular momentum states of (—a,20)suc
and (0,20 4 40)suc in the BBO crystal. The generated
SHWs in the same BBO crystal also experience a SOI
process, forming four angular momentum states, name-
ly (—=0,20)su6, (0,20 —20)sug, (0,20 4+ 40)sug, and
(—0,2¢ + 60)syc. For convenience, we denote these four
angular momentum states as s; to s4 in the following dis-
cussions. However, the last two angular momentum
states s3 and s4 of the SHWs, which are expressed as
(0,20 + 40)suc and (—0,20 4 60)suc respectively, have
quite low efficiency.

Figure 2 shows the results of the single crystal case, in
which the SHW from the SOI-induced FW is very
weak®. As shown in Fig. 2(a), we mainly consider the
SHWs with angular momentum states of (—a,20)sq,
(0,2¢ — 20)suc. Then, we carry out the nonlinear optical

LFW_LFW (1, 0)g00 .LFW R|=w( 1, 2)g00 nRFW RFW( 1, 0)g00 HRFW_LFW (1, 2)g00

(0, O)w (-0, 2

(0, 20-20)gy

Fig. 2 | The linear and nonlinear optical spin—orbit interactions (SOIs) in one BBO crystal. (

Direct
-0, 20)s
SHG
Osn

LFW_RSH (=1, 0)400 nLFW_LSH (1, =2)400 .RFW_LSH 1, 0)400 nRFW_RSH =1, 2)400

) Schematic diagram of the linear and nonlin-

ear optical SOI processes in one BBO crystal. The BBO crystal with threefold rotational symmetry is placed at the center of a pair of 10x objec-
tive lenses to enhance the SOI effect. For a fundamental wave (FW) with angular momentum state of (o, ¢)rw, the two output states of the SHWs
come from the Direct and SOI channels are (-0, 2f)sy and (o, 2¢ — 20)sH, respectively. (b—e) Circular polarization resolved intensity profiles of the
FWs (A = 800 nm) after the BBO crystal. The incident FW is left- or right- circularly polarized (L/R) and the images for the L/R components of the
output FWs are experimentally recorded. For each circular polarization combination, two images of the FWs are recorded by using a spherical
lens (left panel) and a cylindrical lens (right panel). The dark core of the intensity profile imaged through the spherical lens is the typical charac-
teristic of a vortex beam, and the value of the topological charge is revealed by the dark fringes in the one imaged via the cylindrical lens. (f-i)
Circular polarization resolved intensity profiles of the second harmonic waves (A = 400 nm) generated in the BBO crystal are also recorded. It
should be noted that the SHWs measured here mainly come from the Direct FW channel, as that of the SOIl-induced FW channel are very weak.
The color of the SHW images is converted from the original blue to cyan for better visualization of the intensity patterns.
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experiments to verify our assumption. In the experiment,
a femtosecond laser (pulse duration: ~140 fs, repetition
frequency: 80 MHz) is used to pump the BBO crystal (see
Methods and Supplementary information Section 2).
The crystal is coated with 400 nm/800 nm anti-reflec-
tion layers on its two facets, therefore the preferred fun-
damental wavelength is set to be 800 nm. We focus on
the case of a circularly polarized Gaussian FW with an-
gular momentum state of (%1, 0)gy. The FW is focused
into the BBO crystal by using an objective lens with nu-
merical aperture of NA = 0.25. Both the FW and the
SHW behind the crystal are collected by the second ob-
jective lens with the same NA. When the input FW state
is (1,0)pw, the measured intensity profiles of the output
FWs with LCP and RCP states are shown in Fig. 2(b, c),
which are captured by using a spherical lens (left panel)
and a cylindrical lens (right panel), respectively. While
through the spherical lens images we are able to observe
the doughnut shaped intensity profile of the vortex
beam, the cylindrical lens images can be used to distin-
guish the sign and value of the OAM states of light’'.
From Fig. 2(b, ¢), we can see that the two angular mo-
mentum states (1,0)py and (—1,2)py of the output FW
have comparable intensities. Similar results correspond-
ing to input FW with angular momentum state (—1,0)gy
are shown in Fig. 2(d, e), in which the output angular
momentum states are (—1,0)py and (1, —2)pw,
respectively.

As shown in Fig. 2(f-i), the intensity profiles of the
SHWs are obtained by filtering out the FW after the BBO
crystal. For the FW with angular momentum state of
(1,0)pw, two SHW states of (—1,0)suc and (1, —2)sue
can be well observed (Fig.2(f, g)), corresponding to
states s; and s, in the SHG process. While s; is the direct
harmonic generation from the input FW, s, is the linear
SOI-induced state from s;. The states s3 and s4 generated
from the SOI-induced FW of (—1,2)p, are very weak
and difficult to be measured. When the angular momen-
tum state of the FW is switched to (—1,0)py, similar
phenomena can be found in Fig. 2(h, i). These results are
consistent with the previous ones discussed in ref.>. It
should be noted that the SHW at state s, has almost the
same energy as that of s; (see Supplementary informa-
tion Section 3).

Sequential optical SOI processes with two BBO
crystals

Based on the above analysis, we propose to achieve the
uniform energy distributions of the angular momentum

states of the SHWSs by using the sequential optical SOI
processes in two BBO crystals. The first crystal and an as-
sembly of polarization optics are utilized to prepare the
four FW states with a near 50% SOI conversion efficien-
cy, and the second crystal provides the channel for gen-
erating the SHWs as well as the SOI process. Figure 3(a)
shows the experimental setup used to generate the eight
SHW states with the sequential SOI processes. For a cir-
cularly polarized FW with Gaussian beam profile, the
LCP and RCP components of the FWs with specific or-
bital angular momentum states are first prepared with
BBO1, and then refocused into BBO2. To avoid the com-
plex interferences of the SHWSs generated from the two
crystals, the SHWs generated from BBOL1 are filtered out
by using a long-pass filter.

The angular momentum states of the FWs after BBO2
are recorded and shown in Fig. 3(b-q) (see Supplemen-
tary information Section 4). For each circularly polar-
ized FW state leaving from BBOI1, as shown in Fig.
2(b-e), it experiences the linear SOI process and is par-
tially converted to the one with opposite circular polar-
ization. The circular polarization states of the FWs at the
input, after BBO1, before and after BBO2 are labelled in
Fig. 3(b-q). For the case of input FW state (1,0)gy, the
one focused into BBO2 is (1,0)py when the Lpw-Lpw’
polarization combination is chosen after BBO1 (Fig. 3(b,
c)). The FW continues to experience a linear SOI pro-
cess in BBO2, leading to two FW states, namely (1, 0)py
in Fig. 3(b) and (—1,2)y in Fig. 3(c). When the circular
analyzer (QWP2 and LP2) after BBO1 is switched to the
RCP condition (‘Lgw-Rgw’), we can extract the SOI-in-
duced FW state, which is (—1,2)py. This state remains
unchanged in BBO2, as shown in Fig. 3(d), or is convert-
ed back to an OAM-free state of (1,0)gy through one
more linear SOI process (Fig. 3(e)). It should be noted
that although the spherical lens image in Fig. 3(e) ex-
hibits a ring-like pattern, the cylindrical lens image clear-
ly shows that the FW carries no OAM. In addition, the
experimental setup in Fig. 3(a) offers a convenient way to
control the SAM state of the FWs after BBO1 by control-
ling the fast axis direction of QWP3. If the fast axis of
QWP3 is rotated by an angle of 90°, the SAM state of the
FW before BBO2 can be flipped from LCP to RCP (‘Lgw-
Lrw-Rpw’ as in Fig. 3(j-k)), or from RCP to LCP (‘Lpw-
Rrw-Lrw’ as in Fig. 3(1-m)), therefore leading to four
new angular momentum states of the FWs after BBO2,
thanks to the SOI process of the FWs in BBO2. Similar
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results can also be observed with the input FW state of focus on the efficient generation of SHWs from the Di-
(=1, 0)pw, as shown in Fig. 3(f-i) and Fig. 3(n-q). rect FW channel. In the case of (1, 0)gy, the four angular
Figure 4 shows the angular momentum states of the momentum states (Fig. 3(b, d,j,1)) of the Direct FWs

SHW:s observed after BBO2 for FW states of (1, 0)ry and prepared with BBO1 have almost the same energy. The

(—1,0)pw. From the knowledge learnt in Fig. 2, we will corresponding four Direct-generated SHW states (Fig.
H LP1 oL1 OL2 LP2 LPF OL3 oL4 LP3 L5
BBO1 BBO2 CCD camera
fs laser | | .
QWP1 POS-1 POS-2 QWP2 QWP3 POS-3 POS-4 QWP4
(1.0)qy, (=1.0)ey
A A
r N\ r Y
Direct SOl Direct SOl

.LFW FW-L W 1 2)800 .RFW R R R 1 0)800 nRFW R RFW Fw (1 2 800

HLFW'RFW'RFW'LFW (1.0)g00 RFW Lewbewbew (1:72)g00 -RFW v benRew (51,0500

n LFW'LFW'LFW'LFW (1 *0)300

FW FW FW FW (1 O 800 FW FW FW FW ( 1 2)800

aoo nRFW'LFW R R

)800

Lew RewLewRe

1 2)800 nRFW FW™ FW FW (1 4 BUD

Fig. 3 | The sequential optical spin—orbit interaction process of the fundamental waves (FWs) in the double BBO crystal system. (a)

Schematic illustration of the double BBO crystal system which consists of two confocal optical sections. Each section includes a pair of 10x OLs
(objective lenses) and a BBO crystal. LP (linear polarizer) and QWP (quarter-wave plate) are used to generate or analyze the circularly polarized
FWs and second harmonic waves (SHWs). The combination of QWP2, LP2 and QWP3 is used to prepare the specific circular polarization com-
ponent of the outgoing FWs from the first crystal (BBO1). LPF, long-pass filter, which is used to block the SHWs generated in BBO1. QWP4 and
LP3 are used to analyze the circular polarization states of the SHWs generated in the second crystal (BBO2). L5, tube lens (spherical or cylindri-
cal lens). (b—q) Intensity profiles of the FWs behind BBO2. The polarization labels above the results correspond to the sixteen combinations of
the circular polarization states (L/R) of the FWs at the positions marked as POS-1 to POS-4 in (a). Compared to the results in (b) to (i), the ones
in (j) to (q) are obtained under the conditions that the spin angular momentum states of the FWs between POS-2 and POS-3 are flipped from
LCP to RCP, or from RCP to LCP by rotating the fast axis direction of QWP3.
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Fig. 4 | Angular momentum states of the second harmonic waves (SHWs) through the sequential spin—orbit interactions (SOls) in the
double BBO crystal system. The experimental setup is the same as the one shown in Fig. 3(a). (a—p) Sixteen cases correspond to full combi-
nations of the circular polarization states of the fundamental waves (FWs) that are incident on and after BBO1, before BBO2 and that of the
SHWs after BBO2 (corresponding positions are marked as POS-1 to POS-4 in Fig. 3(a)). When the angular momentum state of the input FW is
LCP and Gaussian, i.e. (1, 0)rw, the double crystal system can generate eight angular momentum states of the SHWs, as revealed in (a) to (d)
and (i) to (1). The energies of the eight states are nearly the same as each other. While in (a) to (h) the spin angular momentum states of the FWs
are kept unchanged, they are flipped from LCP to RCP, or from RCP to LCP in (i) to (p), which is realized by rotating the fast axis direction of
QWP3. (q, r) The normalized relative power distributions of the angular momentum states of SHWs, where (q) and (r) correspond to the cases for
input FW states of (1, 0)rw and (-1, O)rw, respectively. SAM, spin angular momentum; OAM, orbital angular momentum.
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4(a, ¢, 1, k)) in BBO2 have similar nonlinear conversion
efficiencies. In the meantime, another four angular mo-
mentum states (Fig. 4(b, d, j, 1)) of the SHWSs are generat-
ed through the linear SOI process of the SHWSs in BBO2.
From the spherical and cylindrical lens images shown in
Fig. 4(a-d), one can easily distinguish the angular mo-
mentum states of the SHWSs, which are (—1,0)gq,
(1, —=2)sug> (1,4)suc and (—1, 6)sug, corresponding to the
s1 to s4 states discussed in previous section. It should be
noted that all the generated angular momentum states
here originate from the Direct FWs. More importantly,
the intensities of these four states are almost equally dis-
tributed, with a standard deviation of ~1.2% as evaluated
from the SHW spectra recorded by using a spectrometer
(see Supplementary information Section 5). These re-
sults verify that the proposed sequential SOI process can
greatly improve the efficiencies of the SHW states which
are very weak in the single crystal scheme®. By flipping
the SAM states of the FWs before BBO2, as we did in Fig.
3(j-m), the Direct generated (Fig. 4(i, k)) and SOI-in-
duced (Fig. 4(j, 1)) SHWSs in BBO2 carry another four an-
gular momentum states, namely (1,0)suc, (—1,2)suc»
(1,2)su6 and (—1,4)sug, corresponding to (o,20)suc,
(—0,20 4+ 20)sug, (0,20 + 20)sug, and (—0,2¢ + 40)sue,
respectively. These states are also experimentally ob-
served with uniform intensity distribution. Similar phe-
nomena can be found in Fig. 4(e-h) and Fig. 4(m-p)
when the angular momentum state of the FW is switched
to (—1,0)pw-.

Since the four kinds of angular momentum states of
FWs prepared before BBO2 have covered all the situa-
tions in this sequential crystal system, the angular mo-
mentum states of the generated SHWs are limited to
eight types. It can be regarded as a “foldable” process,
which means that the type of the angular momentum
states of SHW's as well as their energy equality will not be
affected by the number of sequential crystals. However,
the amplitude and phase of the generated SHWs in each
crystal may change with the number of the sequential
crystals, which will affect the total efficiency. This
method can be extended to the field of high-order har-
monic generations. According to the symmetry selection
rules of harmonic generation in nonlinear optics®, un-
der the incidence of FW with angular momentum state
of (o,{)pw, the allowed harmonic orders in the c-cut

BBO crystal are n = 3p+l. The angular momentum

states of n"-order harmonic waves are (+0, nf)upe and
(=0, nl)upg, corresponding to the cases where the circu-
lar polarization state of the harmonic wave is the same as
or opposite to that of the FW. In the sequential process,
the prepared angular momentum states of the FWs
through the SOI process in BBO1 are (o,{)rny and
(—0,€ + 20)pw. In the case where the circular polariza-
tion state of the harmonic wave is the same as that of the
FW, the generated angular momentum states of n®-or-
der harmonic waves in BBO2 are (+0,nl)uyc and
(—0,nl 4 2n0)unc. Through the SOI process in BBO2,
two new states of n"-order harmonic waves are generat-
(—0,nl + 20)unc and
(40,1l 4+ 2n0 — 20)upe- Similarly, in the case where the

ed, which are

circular polarization state of the harmonic wave is oppo-
site to that of the FW, four kinds of the generated angu-
lar momentum states of n"-order harmonic waves in
BBO2 are (=0, n0)unG» (+0,nl + 2n0)uue,
(+0,nl — 20)unc and (—o,nl + 2no + 20)yue in total.
In addition, if the SAM flipping of the FW states pre-
pared after BBO1 is considered, four new states of n-or-
der harmonic waves will be generated.

Conclusions

In summary, we propose a strategy to generate eight an-
gular momentum states of SHWs through a sequential
optical SOI in two uniaxial BBO crystals which have
threefold rotational symmetry. With one input angular
momentum state of the fundamental wave, one can pre-
pare four kinds of FWs through linear optical SOI in the
first BBO crystal and the manipulation of the SAM with
a quarter-wave plate. Then, the FWs will be used to gen-
erate four angular momentum states of the SHWs in the
second BBO crystal. As the SHWs also experience the
linear optical SOI in the same crystal with a conversion
efficiency close to 50%, we are able to generate eight an-
gular momentum states of the SHWs with the double
crystal system. These results are theoretically predicted
and successfully verified in the experiment. The intensi-
ties of the eight SHW angular momentum states are uni-
formly distributed. It should be noted that the generated
angular momentum states of SHWSs by this approach are
fixed. To realize flexible manipulation on the angular
momentum states, it can be combined with convention-
al diffractive optical elements or spatial light modulators.
The sequential optical SOI in the double crystal system
can be also used to improve the energy distributions of
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the photon-pairs with desired angular momentum states
of light in the spontaneous down conversion*?, and simi-
lar concept can be extended to four-wave mixing and
THz wave generation processes. This strategy is also ap-
plicative for other uniaxial nonlinear crystals. With the
strong ability to prepare multiple angular momentum
states, the proposed method may find more applications
in optical communication, optical information process-

ing and optical storage, etc.

Materials and methods

Nonlinear optical experiment

The sequential optical spin-orbit interaction process in
the double BBO crystal system is investigated by using a
home-made nonlinear optical system. The fundamental
waves (FWs) with a wavelength 800 nm are from a fem-
tosecond laser (repetition rate 80 MHz, pulse duration ~
140 fs), whose polarization states are controlled by using
a linear polarizer and a quarter-wave plate. After passing
through an objective lens (NA = 0.25), the focused FWs
are normally incident into the first BBO crystal (size: 6
mm x 6 mm, thickness 5 mm). The FWs and the gener-
ated second harmonic waves (SHWs) behind the first
BBO crystal, which are collected by an objective lens
(NA = 0.25) and circular polarization resolved by using
a quarter-wave plate and a linear polarizer, are projected
onto a camera by a tube lens (spherical or cylindrical
lens). By removing the flip mirror (see Supplementary
information Fig. S2), the polarization controlled FWs be-
hind the first BBO crystal are subsequently focused into
the second BBO crystal (size: 6 mm x 6 mm, thickness 5
mm) by an objective lens (NA = 0.25). The SHWs are
collected by an objective lens (NA = 0.25) and resolved
by using the polarization optics, which consist of a quar-
ter-wave plate and a linear polarizer. Finally, the FWs
and SHWs behind the second BBO crystal are projected
by a tube lens (spherical or cylindrical lens) and cap-
tured by using a camera. To evaluate the energy distribu-
tions of different angular momentum states of linear and
nonlinear optical waves, the quantitative characteriza-
tion is also conducted. The power of the FWs is mea-
sured by using a power meter. The SHWs are captured
by using an Andor spectrometer (SR193i), then by inte-
grating the SHG spectra the relative power of the SHWs
are obtained. It should be noted that the selection of ob-
jective lens with numerical aperture NA = 0.25 and
thick 3-BBO crystals is critical for the experiments,
which has been investigated in ref.” and proved to be
important for obtaining the angular momentum states of

FWs with almost equal energy. In addition, the SAM
states and the symmetry of intensity distribution of the
generated SHWSs are very sensitive to the angle between
the incident light and the optical axis of the crystal,
therefore, all the optical elements are finely adjusted to
make the FWs normally incident into the BBO crystal.
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